1. Introduction
Algebraic solution to the discrete Toda equation. The Toda equation
d dt 2 log(1 + V n (t)) = V n+1 (t) − 2V n (t) + V n−1 (t) was proposed as a model equation of motion in a one-dimensional lattice of particles with the nearest neighbor interaction [17] . Today the equation is known as a good example of an integrable equation owing to its rich structures. In this paper, we intend to study time-discretization of the Toda equation
1
, which was originally given by Hirota [2] :
The above equation (1) boils down to the following bilinear form. We consider the simultaneous equations (4) with the boundary condition be N × N matrices. The simultaneous equation (4), therefore, admits the use of the discrete Lax formulation given as follows:
We define L t := (Y t ) −1 X t . Thus, (7) could be written as
Similar to other classical integrable systems (see, for example, [3, 4, 8, 16] ), one can construct algebraic solutions for arbitrary initial values (values at time t = 0) of the discrete Toda equation via the Lax representation (8) .
Remark 1.1. There exist at least two famous 'discrete Toda equations'. One is the equation (1), which we investigate in this study, and the other is the one expressed by the following bilinear form
n . (Compare with (2).) 1.2. Algebraic solution and dual Grothendieck polynomials. Obtaining an algebraic solution to the discrete Toda equation, through use of the Lax formulation (8) , with an arbitrary (generic) initial condition is relatively straightforward. (See §2.1- §2.3 for details.) If all eigenvalues of the Lax matrix L t degenerate to one value (as (27) in §2.4), there exists a natural algebraic relation between these solutions and the dual Grothendieck polynomials, which are essentially K-theoretic analogues of Schur polynomials [9] . Interestingly, 'the other' discrete Toda equation (9) corresponds to usual Schur polynomials (Remark 2.4).
Recently, several researchers have reported interesting relations between 'Ktheoretic' objects and classical integrable systems. Motegi and Sakai [12] discovered a remarkable relation between Grothendieck polynomials and algebraic solutions to certain integrable systems (TASEP). Very recently, Ikeda, Iwao, and Maeno [7] constructed a ring isomorphism between the quantum K-theory of the complex flag variety F l n and the K-theory of the affine Grassmannian Gr SLn by using the mechanics of the relativistic Toda equation. From this, it may be inferred that the discrete Toda equation (1) is amenable to Grothendieck polynomial-type solutions, while 'the other' discrete Toda equation (9) is amenable to Schur polynomial-type solutions.
1.3. Ultradiscretization. Another topic discussed in this paper is ultradiscretization. Let us introduce the transformations u (1) . Then, by applying ε log to both sides and taking the limit ε → 0 + , we obtain the ultradiscrete Toda equation [11] given by
In [11] , Matsukidaira et al. derived an soliton solution to (10) by ultradiscretizing the soliton solution to the discrete Toda equation (1) . Their solution is expressed by (11)
Here N , L are positive integers, and P j , C j are arbitrary parameters. The operator max µj ∈{0,1} f (µ 1 , µ 2 , . . . , µ N ) denotes the maximum value amongst 2
N possible values of f (µ 1 , µ 2 , . . . , µ N ) obtained by replacing each µ j by 0 or 1. It is known that the solution U t n defined by (11) possesses properties of solitary waves and soliton interactions [11] . It can be verified that U t n always takes non-negative values. On the other hand, Hirota proposed another solution to (10) , which is called 'the static-soliton' [5] , and is expressed by
where C is a positive parameter and j 0 ≤ j 1 are integers. One can verify that now U t n (12) may take negative values, which implies that the equation (10) should be amenable to different solutions. It should be natural to expect the existence of solutions to the discrete Toda equation (4) whose ultradiscretization yields staticsolitons. (Here we would like to note that Hirota [5] showed there is no time independent solution, to the discrete Toda equation, other than the trivial solution.)
In this paper, we aim to provide an answer to the question by constructing tropical permanent solutions for arbitrary initial values of the ultradiscrete Toda equation. More precisely, we intend to show that the tropical tau function T t n (31) can be used to solve (10) by setting (4) with the boundary condition (6) using the Lax formulation. Although this sequence of calculations is an established practice, we, nonetheless, have provided its details in §2.1- §2.3 in order to make this paper self-contained. In §2.4, dual Grothendieck polynomials, as special solutions to the discrete Toda equation (1), have been derived.
In Section 3, the tropical permanent solution to the ultradiscrete Toda equation, obtained by ultradiscretizing the algebraic solution defined in the previous section, has been provided. The solution realizes the behavior of the solution given in [11, 5] . A new cellular automaton realization of the system is proposed in §3.3. A concrete example and concluding remarks are contained in Section 4.
Solution to the discrete Toda equation
2.1. Lax formulation and the spectrum problem. An algebraic solution to the discrete Toda equation via Lax formulation (8) is derived as follows. Let
be the characteristic polynomial of L t , which is t-invariant due to (8) . Define the
, which is N dimensional as a C-vector space. At the same time, the spectral problem
which is equivalent to
has been considered. We denote (i, j) th minor of the matrix λY t − X t by M i,j and define
Therefore, the vectors
T satisfy the following properties.
(1) Property A • The i th entry of p p p, which is denoted by p p p i , is a monic polynomial of degree (i − 1) in λ.
• The i th entry of, which is denoted byi , is of the form λ
• If λ is a root of f (λ), both p p p andare eigenvectors of L t . In other words, p p p andare solutions of the spectral problem (13) . (2) Property B
• The constant term of p p p i is (−1)
Thus, it can be directly proved that as a matrix over O, the co-rank of λY t − X t is 1. Hence, the eigenvector of L must be unique up to a constant multiple. In terms of O, we have the following lemma.
N . Thus, there exists some F ∈ O such that
(The minus sign is used for the convenience of the calculation below)
Now, let us consider the inverse problem. for given F ∈ O, recover p p p andwith (15). The answer is as follows. Equation (15) is rewritten as
Each * is a coefficient of p p p i ori as a polynomial in λ. Therefore, we have
. By applying Cramer's rule to the matrix equation (16), one can express the entries of the matrix to be ratio of determinants. Let . Thus, we may assume F to be an element of O/C × without any loss of generality.
In the remaining part of this section, we denote F = F t , p p p = p p p t , and=t , etc. to emphasize the t-dependencies of these quantities. From the discrete Lax equation (8) and (13), we have a spectral problem at time t + 1 given by
Let p p p ′ := Y t p p p t and′ = X tt . Due to the shapes of the matrices X t , Y t and Property A, the pair (p p p ′ ,′ ) also satisfies Property A. Because any pair of vectors with Property A uniquely restores the Lax matrix L with Property B, we have
Substituting them into (15), we obtain
Comparing with (15), we finally derive
Although this equation contains the unknown constant θthe expression (21) Assume that all eigenvalues of f (λ) are distinct. Thus,
By the Chinese remainder theorem, the following map represents linear isomorphism.
(24) c c c :
For this c c c, the tau function τ t n can be expressed as 
where
2.4. The dual stable Grothendieck polynomial. In some special cases, the tau function is naturally related to the dual stable Grothendieck polynomial. Let us consider the most degenerate case, wherein
(This assumption is valid in §2.4 only.) The C-algebra O, therefore is expressed as
where µ := λ − γ. The C-valued functions c 0 , . . . , c N −1 over O could be defined as 
The tau function τ n , as an element of C[O], can be expressed as
e e e 1 , e e e 2 , . . . , e e e N −n+1 , c c c(F ), c c c(
is the i th complete symmetric polynomial in infinitely many variables x 1 , x 2 , . . . , and the tau function τ n is proportional to
According to [15, 10] , one finds that this expression exactly coincides with the Jacobi-Trudi type formula for the dual β-Grothendieck polynomial
Remark 2.3. The dual β-Grothendieck polynomial reduces to the Schur polynomial when β = 0 :
Remark 2.4. By a similar method, one can derive the tau function for 'the other' discrete Toda equation (9) . In fact, it is described as
is the characteristic polynomial of the Lax matrix of (9) (see, for example, [6] ) and b b b : O ′ → C N is an arbitrary linear isomorphism. Note that (28) is invariant under the transformation λ → λ + γ, while (22) is not. This implies that one cannot derive the dual Grothendieck polynomial from this expression. In fact, the tau function (28) is naturally related to the determinant
which is the Jacobi-Trudi formula for the Schur polynomial s Rn−1 .
Solution to the ultradiscrete Toda equation

3.1.
A new ultradiscrete evolution equation. Equation (4) is equivalent to the following.
Putting a 
Proof. We set ∆
n . Therefore, we have
which implies the desired result. 
where C is an arbitrary number. In fact, we have We start with the determinantal solution (25) to the discrete Toda equation, wherein we define the tropical permanent T 
The following two claims, therefore, hold :
(1) All eigenvalues of the Lax matrix L t are distinct and positive.
(2) Under linear isomorphism (24), the image of F t ∈ O ( §2.1) satisfies
Proof.
(1). The distinctness and the positivity of the eigenvalues are direct consequences of the fact that L t is a totally non-negative and irreducible matrix (if ε ≪ 1). One may refer the textbook [14, Section 5] . (2) . Comparing the 1 st components on the both sides of (15), we have
th minor of the matrix M . Using the Cauchy-Binet formula, we derive
(The second equality follows from the fact that Y t is the lower triangle.) Generally, it is known [14, §5.3] that for any totally non-negative and irreducible matrix A, the principal minor
. . , where 0 < λ N < · · · < λ 1 are eigenvalues of A. The claim naturally follows from the fact that L t is totally non-negative and irreducible. − lim
for any λ i , λ j (i = j), we have
(This implies that the ultradiscretization of τ 
Thus, we can derive
(This formula follows from the condition (32).) On the other hand, by applying the Laplace expansion for the tropical permanent along the rows between 1 st and (N − n + 1) th positions [13] , we get
Herein, we use the formula
This completes the proof. 
The cellular automaton realization. The ultradiscrete evolution equation (30) can be realized in the form of a cellular automaton as follows. Consider N cells numbered from 1 to N (see Figure 1) . At time t ∈ Z, the n th cell contains A t n 'kickers' and B t n 'balls'. The state at time t + 1 is obtained by the following rules.
• A kicker kicks out one ball, if it exists, to the cell neighbor to the left.
• A kicker who has no ball to kick out moves to the cell neighbor to the right. Figure 1 illustrates a typical example. The solution to the ultradiscrete Toda equation (10) associated with the above scenario is given in Figure 2 .
Another example is given in Figure 3 , where a traveling soliton and a static soliton [5] interact.
Example and Concluding Remarks
4.1. Example. As seen above, one can construct thetropical permanent solution to the ultradiscrete Toda equation for any initial state. The method we use here can be referred to as the tropical inverse scattering method. In this section, we demonstrate the method to construct the tropical permanent solution through an example. n = 1 2 3 4 · · · · · · 12 13 
Concluding remarks.
The primary objective of this paper has been to understand the algebraic structure and positivity of the discrete Toda equation with boundary conditions. The solution itself is constructed in a straightforward manner. Under certain natural identifications, it is possible to obtain a family of special solutions, which correspond to dual β-Grothendieck polynomials, which is the Ktheoretic analogue of Schur polynomials. One could infer that the discrete Toda equation is of the 'Grothendieck' polynomial type (≃ K-theoretical), while the other discrete Toda equation is of the 'Schur' polynomial type. This result can be expected to clarify deeper structures of the two discrete Toda equations. The ultradiscrete analogues of the Toda equation have also been studied. It is proved that the ultradiscrete Toda equation reduces to a new evolution equation, which is the ultradiscretization of the Lax formula. The tropical permanent solutions have also been given. Our result shows the correspondence between the determinant solution to the discrete Toda equation and the tropical permanent solution to the ultradiscrete Toda equation. Moreover, the cellular automaton realization of the Toda equation is proposed. The proposed method has the inherent advantage of being applicable to arbitrary initial values. Especially, we have generalized Hirota's formula for static-solitons.
